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ABSTRACT
This report summarizes the work performed during the first six
months of a NASA-Lewis sponsored research program (Contract Number
NAG 3-67). This research program is concerned with the calculation of the
h
	
	
far field radiation patterns surrounding various practical jet engine inlet
configurations under different excitation conditions. This Initial phase of the
research ro ram is primarily concerned with the upgrading of existingP g	 p	 -- Y	 P8	 8	 g
computer codes. These computer codes are based on a special integlral
representation of the, external solutions of the Helmholtz equation and they
are capable of calculating the sound field radiated from general
axisymmetric bodies with complex boundary conditions up to non
dimensional wave numbers of ten (based on radius) with less than ten percent
error in the acoustic quantities of interest.
1 During the past six months the computer codes have been refined and
expanded so that they are now more efficient computationally by a factor of
about three and they are now capable of producing accurate results lap to
non-dimensional wave numbers of twenty. Computer programs have also
been developed to help generate accurate geometrical representations of the
inlets to be investigated. This data is required as input for the computer
programs which calculate the sound fields. This new "geometry generating'
computer program considerably reduces the time required to generate the
input data which was one of the most time consuming steps in the process.
The results of sample runs using the NASA-Lewis QCSEE inlet are
presented and comparison of run times and accuracy are made between the
old and upgraded computer codes. The overall accuracy of the computations,
is determined by comparison of the results of the computations with simple
l
source s(.'utions. r.
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INTRODUCTION
This research program consists of two major tasks. The first task is
concerned with the upgrading and testing of the computer codes and the
second is concerned with the calculation of the radiation patterns for
specific inlet configurations. This report describes the progress made to date
on the completion of the first task.
The computer programs previously developed are capable of
predicting the sound field radiated by various geometrical configurations.
The theoretical basis for these programs is presented in Refs. 1-3 (See
Appendix A for Ref. 3). These publications describe the development of a
unique integral formulation of the acoustic radiation problem and its
application in the calculation of 2-D 3-D and cylindrically symmetric
radiation patterns. In the present investigation the cylindrically symmetric
form of the equations3 is employed as the inlet geometries we are concerned
with in this study are all axisymmetric.
The computer codes developed for the calculation of radiation
patterns about an axisymmetric body were initially developed for
calculations at relatively low non-dimensional wave numbers (i.e., less than
10) and thus were not as efficient as they could be. To calculate results for
higher wave numbers (i.e., up to 20) the computer codes had to be upgraded'
so that more calculation points could be handled on the bodies; and, to keep'
F	 :
the calculation times reasonable the computer codes had to be made more
efficient. Also, in using these ' g old" computer codes considerable time was
t	 required for the specification of the body geometry and boundary conditions
(i.e., the input data). To expedite the input process computer codes had to be
x
'	 developed to generate the input data in a form which could be directly input
i
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Into the "new" computer codes.
I Once the computer codes were upgraded they were tested for speed
and accuracy. To test for speed the upgraded programs were simply
compared to a bench mark set of computer runs done with the old computer
codes for the "QCSEE" Inlet  previously studied for the Air Force5-6. The
accuracy of the computer codes was checked by comparison of the
calculated solutions to those generated by simple sources. The method of
using a simple source to generate and check solutions for complex
geometries is detailed in Ref. XSee Appendix A.).
The particular form of the equations used In this study is termed
cylindrically symmetric as the solutions describing the radiation patterns
from the axisvmmetric inlets may have tangential dependence. In this case,
the radiation patterns may be calculated separately for any tangential mode;
and, since each tangential mode must be solved for separately there is no
coupling between them. Also, since the equations are linear, as many
n
tangential mode, solutions as required may be calculated and these modal
solutions may be summed. For each tangential mode all radial modes (both
cut-on and cut-off) are automatically considered and thus the theory does
'r allow coupling between the various radial modes present for each tangential
mode. That is, if a particular radial mode is present at the driver (i.e.,the
Ian) plane' but it is above cut-off for the duct the theory shows that it dies
out exponentially as it should.
In this study tangential mode numbers, M, of up to 13 are considered
with corresponding non-dimensional wave numbers of up to 20. Since the
cut-off frequency for the first radial mode of the 13th tangential mode is
_2
s.	
_
approximately ka
	 14.92837 (where k is the wave number and a Is the
characteristic body dimension -- typically the duct radius at the driver
	 j
plane) the cut-off ratio Is of the order of 1.3. The limiting'factor is the non-
,^^ dimensionall wave number so that higher cut-off ratios may be achieved for
lower tangential mode numbers. In this connection it should be pointed out
that during he firstfirst half of this contract period computer programs have
also been developed to calculate the non-dimensional cut-off wave numbers
►
	
	 for any tangential and radial mode and to calculate the mode shapes for
these conditions.
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EFFICIENCY AND ACCURACY OF THE COMPUTER CODES
The original computer codes were used to produce bench mark runs
for comparison purposes. One of these runs (which is representative) was
i
made for the case where there were 105 points on the surface of the QCSEE
f
inlet (See Appendix A for geometry.) at a non-dimensional wave number of
ka = 10.0 and a tangential mode number of M = 10. The acoustic velocity for
a simple source was specified on the surface of the body and the acoustic
potential was calculated. The calculation of the distribution of the acoustic
potential on the surface of the body required 867 sec. and the average
absolute errors in its modulus and phase were found to be 14.4% and 33.0%
respectively. With this data available a separate program is then used to
calculate the acoustic potential at points in the field surrounding the body.
1 Since this program	 involves a straight forward summation, not much
optimization could be done on it. Thus, most of the optimization work was
directed towards the program which calculates the acoustic quantities on
the surface of the body. This surface program contains an NxN matrix
r
(where N is the number of points on the body) that must be filled and solved
to generate the surface quantities. Therefore, the computing time for the
surface quantities go up roughly as the square of the number of points on the
body which can become very significant for large N.
Much of the work in this area was directed simply towards generating
a more efficient computer code, and significant gains were made. Also,
if
f different numerical integration methods were tested along with different
matrix solving schemes; however, these were not as fruitful. For example,
1
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different Integration schemes such as Fllon Integration7 were tried In the
circumfrential, 0 , direction. Compared to the presently used Gauss-
Legendre Integration scheme they were found to be no better and In most
cases worse. Also, different matrix solvers such as Gauss -Seidel iteration
with both over and under relaxation were tested and it was found that in
order to maintain the accuracy obtained with the presently used Gauss-
Jordan matrix reduction scheme too may iteration steps were required.
Some very minor changes to the computer codes such as adding the
normals to the body at all the integration points within an integration sub-
interval, yielded dramatically better results. It was also found that
specifying the distance in the Gauss-Legendre integration formula in the
8 direction in reverse order (i.e., starting at 1800 instead of 00) yielded
better results. Neither of these charges increased computing time
significantly but they were found to be responsible for much better
accuracy.
New computer runs were then made for the same cases as the original:
'j
bench mark set. For the representitive runs mentioned at the begining of
this section (i.e ka 10.0, M ; 10, 103 points on the surface of the QCSEE
inlet with the normal acoustic velocity specified everywhere) the run time
required for the surface solution of the acoustic potential decreased by
almost a factor of 3 from 867 to 309 sec. Also, the average absolute percent
errors in the modulus and phase of the computed acoustic potential on the
surface of the inlet decreased from 14.4% and 33.0% to 9.4% and 10.3916
respectively.
5
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iUPGRADING OF THE COMPUTER CODES
i
The second effort during the reporting period was concerned with the
upgrading of the computer codes so that better accuracy could be obtained
^ at higher non-dimensional wave numbers. This was done by the addition of
more points on the surface of the body. It was expected that this effect
would be linear in that twice the number points on the body should halve the
error in the potential calculated on. the body.
	Another set of computer runs were then performed with 136 points on 	 ?,
the surface of the QCSEE inlet. The Increase in the required computer time
should fall between 1/3 N3, the operation count for the matrix solution via
Gauss-Jordan reductions and N2, the number of terms that must be
calculated to fill the matrix. This being the case the run time should fall
between 68`1 sec. and 1013 sec.. For the representative case of M = 10 and
ka 10.0 the run time was in fact found to be 791 sec. which is less than the
original bench mark runs of 867 sec for the same case with only 105 paints.
The average absolute percent errors in the modulus and phase of the
	
potential on the surface of the body were :found to be 8.79E and 93.59E	
E
respectively. In this connection one should note that although the average
absolute percent error in the modulus of the acoustic potential decreased it
did not decrease as much as expected and the error in the phase actually P`
went up 9 times: }
This anomoly was found to be due to the way in which the error was
calculated; that is, the percent error was very small where the values of the
potential were high but with the same magnitude error the percent errors
{
were very high when the potential was small. Upon studying the results of
6
Jkl
various runs It was found that the magnitude of the error remained almost
constant over the entire body and thus a better measurc of the error would
be the normalized average absolute error in percent. It should be pointed out
that this will be a departure from the way in which the errors were
calculated in the past (I.e.,In the proposal for this research) and therefore
previous error estimates can not be compared directly with these. It is also
felt by the authors that this is a more reasonable way to calculate the error
as the high tangential mode numbers whose characteristics are of interest In
this stud have solutions that tend to va ry over man orders of Magnitude. fY	 y	 Y	 6 t
As an example of this, the solution for the acoustic potential on the surface
of the inlet for the simple source case where M 10 and ka 10.0 varies
from zero at the cent,<l;ine of the inlet to Cr(10 1b) near the fan plane on
the centerbody. The formula for the normalized average absolute error in
percent is given by:
r I ( vEXAGT VULO I IN X ( 100-0 )AMAX
ll (1)
These errors, for the modulus and phase of the acoustic potential
calculated on the surface of the inlet, were then recalculated for the
representative bench mark run (i.e., M — 10, ka 	 10.0 1 105 points on the	 1i
surface of the body) and were found to be 0.139% and 8.15% respectively.
oa
These errors were also calculated for the results generated by the improved
computer cede again using 105 points on the surface of the body and they
were found to be 0.0999% and 3 . 10%, respectively. Finally, these same error
estimates were made for the case where 156 points were used on the
7
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Isurface of the body and they were found to be 0.0679% and 2.59%. As can be
seen these error estimates show that the error Is decreased by about a third
as is expected when the number of points is increased by about a half. these
results are presented In compact form in Table 1.
A run was then made for a case where the cut-off ratio was greater'
than one. The case chosen was for a tangential mode number of 3 and a cut-
off ratio of 2. This yields a non-dimensional wave number of ka 12.83. To
obtain an exact solution for comparison purposes, both on the surface and In
the field, the artifice of a simple source within the body was again
employed. Having calculated the distribution of the acoustic poantiai on the
surface of the QCSEE Inlet using the normal acoustic velocity distribution is
Input the normalized average absolute errors of the modulus and phase of
the potential were found to be 0.452% and 4.14% respectively.
The computer program that calculates the potential and the acoustic
velocity in the field was then used to calculate these acoustic quantities at j
38 points in the field surrounding the Inlet. These polvtts were placed every 5
degrees from the centerline to 400
 
from the centerline on two quarter
circles centered at the entrance plane of the Inlet at distances (radii) of 25a
and 100a, where a is the non-di mensionali zing body length (i.e., the inside
radius of the inlet at the fanP lane). Results were then calculated for two
different distributions of the acoustic potential on the surface of the inlet.
The first distribution used was the exact one that had been calculated for
comparison purposes and the second one was the distribution calculated
using the surface code. The exact normal acoustic velocity distribution was
r	 used in both cases as it was used as the boundary condition for the surface
;f
S
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Isolution. The respective computing times for 3E points In the field with 136
points on the surface of the body are 138 sec, and 146 sec.. The difference In
computing times Is due to the fact that the CDC 70/74 computer that was
used has a time sharing system and thus run times vary slightly as the load
(number of jobs) on the system changes.
Using the exact distribution of the acoustic potential on the surface
of the Inlet yielded results with normalized average abslute- errors In the
t	
modulus and hase of 0.229% and 30p .1916. These results are presented In Figs..
1 and 2 In terms of both SPL and PWL in dB along with the exact solution In
the field. The equations used for SPL and PWL In dB are presented below In
a
	
	
-
terms of the acoustic potential cp and the outward normal acoustic velocity
I
an
SPLOB)
	
20 
1og1Q klcpl + 143.6
t
(2)
PWL(dB) = 10 log10 k < i ep	 > + 143.3an
(3)
where <> means time average.
Using the calculated surface solution, the errors were 0.385% and
36.3% respectively and these results are presented in 'Figs. 3 and 4. Since the
error in the phase is so high (compared to the error in the phase in the
k	 surface solution) a run was made with more points on the surface of the
body using the exact solution on the surface to see if the results would get
4
a.	 better as they should. For the case where 230 points were used on the
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surface of the inlet with the exact solution specified for both the acoustic
potential and normal acoustic velocity the errors in the acoustic potential
at 38 points in the field were found to be 0.0127% and 1.18% for the modulus
I	
and phase, respectively. These results are presented in Figs. 5 and 6. This 	 a.
r
	
	 shows that the calculated field solutions do converge to the proper values as
more points are specified on the surface of the body.
' Another set of runs, surface solution and field solution, were then
done for a tangential mode number of 2 and a cut-off ratio of 5 so that the
non-dimensional wave number Is ka 15.27. The same number of points were
	
used in this case as in the previousone (i.e, 156 points on the body and 38 	 1
points in the field) and again the artifice of a simple source within the inlet
was employed.
For the surface solution the normalized average absolute errors of
the modulus and phase of the acoustic potential was found to be 1.42% and
5.35%, respectively. Since this run is for a relatively low tangential mode
number M = 2 the modulus of the acoustic potential on the surface of the
body doesn't change much (i.e., it Only changes 4 orders of magnitude) so
that the average absolute percent errors are a relatively good measure of {
the error also. For comparison purposes they were computed' and found to be
9.87% and 13.7% for the modulus and phase, respectively.
The acoustic potential and the outward normal acoustic velocity were
then calculated in the field on the same two quarter circles as before. The
normalized average absolute percent errors are found to be 1.27% and 8.59%
respectively for the modulus and phase of the acoustic potential. These
u`	 results are plotted in Figs. 7 and 8 in terms of SPL and PWL in dB as before.
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Also, a summary of the results for the two cases where 156 points were used
on the surface of the body are presented in Table If.
The final two runs were Trade for a case that will be run for the
NASA Lewis JT15D bellmouth inlet. This particular case was chosen as it
requires the highest non-dimensional wave number and therefore should
represent the worst case (i.e., the case with the most error). For this case a
tangential mode number of M 13 and a cut-off ratio of 1.30 were used
l which translates into a non-dimensional wave number of ka 19.41. On both
of the following runs 181 points were specified on -the surface of the QCSEE
Inlet.
For the first run of the set the artifice of a simple source was again
used so that an exact solution would be known and the error could be
calculated. The normalized average absolute error in the modulus and phase
of the acoustic potential were found to be 0.105% and 24.0% on the surface
and 0.111% and 38.2% in the field. The results in SPL and PWL in dB are
presented in Figs. 9 and 10. In evaluating these results, it should be pointed
out that considering the range of dB values covered by the solution, the
errors in dB are relatively small.
i
For the final run, the simple source was not used; instead, the
st µ	 acoustic velocity was specified for the 13th tangential mode at the fan plane
and the rest of the body was specified as having a_hard wall (i.e., an _ 0 ).
First, the surface distrubution of the acoustic potential was calculated (1-131
!	 sec.) and then the values of the acoustic potential and outward normal
acoustic velocity were calculated at 38 points in the -field as before (142 j
sec.). Finally the results were plotted as before (See Figs. I1 and 12.) except
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that for this case no exact solution was available. It should be noted here
}	 that a computer program has been developed to calculate the normal
acoustic velocity distribution at the fan plane for any mode (tangential and
h	 radia).
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SUMMARY
+tee
is
During the first half of this contract period the basic computer
programs have been made much more efficient and accurate. Furthermore,
they have been upgraded so that they can handle many more points on the
surface of the body thus significantly extending their range of applicability.
Also, new computer programs have been developed to help generate the
required input data for these programs. This data consists of the body
geometry and the input modal distribution at thie fan plane. Another program
has been developed which can accurately calculate the modal cut-off wave
numbers for any tangential and radial mode. Finally, a computer program
was developed that is capable of plotting the calculated data in the field in
terms of SPL and PWL in dB (See Figs. .1-12.).
Various results are calculated for the NASA Lewis QCSEE inlet as
part of the test program for the "new", upgraded computer codes. Tangential
mode numbers of up to 13 were used with corresponding non-dimensional
wave numbers over 19. The artifice of a simple source solution was
employed for most of the computer testcases so that error estimates could 	 f
be calculated. Large improvements in both accuracy and computing time
3
j
required for the "new" computer codes when compared to the "old"
computer- codes were found.
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Prediction of the sound field radiated from axisymmetric
surfaces	 I
W. L. Meyer and W. A. Bell
School of Acrospace Engineering, Georgia Institute of Technology, Atlanta, Georgia 30331
M. P. Stallybrass
School of Mathematics, Georgia institute of Technology, Atlanta, Georgia 30332
B. T. Zinn
.School of Aerospace Engineering, Georgia Institute of Technology; Atlanta, Georgia 30332
(Received 19 March 1978; revised 10 September 1978)
A general analytical method for determining, the radiated sound fields from axisymmetric surfaces of	 !
arbitrary cross section with general boundary conditions Is developed, The method is based on an integral
representation for the external solutions of the Helmholtz equation, An integral equation is developed
i	 t governing the surface potential distribution which gives unique solutions at all wavenumbers. The
axisymmetric formulation of the problem reduces its solution to the numerical evaluation of line integrals
by Gaussian quadraturc. The applicability of the solution approach for both a sphere and finite cylinder is
k demontrated by comparing the numerical results with exact analytical solutions for both discontinuous And
continuous boundary conditions, The method Is then applied to a jet-engine-inlet configuration and the
computed results are in good agreement with exact values.
i I'ACS numbers: 4120,Rz, 43,20,Tb
INTRODUCTION equation in the surrounding infinite three-dimensional
`- To reduce the noise radiated to the community from domain,
turbofan inlets, the effects of sound suppression mate- It has been previously shown" that when applied to
Hal in the inlet and the spatial distribution of the sound exterior sound radiation problems theclassical tech-
source on the radiated sound levels and patterns must be niques fail to produce unique solutions at frequencies
determined,
	
Analytical techniques for predicting these correspondingg to certain interior eigenvalues of the ge-
effects must be capable of dealing with general axisym- ometries under consideration.	 Unless special precau-
metric geometries and complicated boundary + conditions tions are taken, straightforward numerical solution of
which are encountered In multiply lined inlets. 	 For in- the integral equation produces large errors at frequen-
stance, in a typical Inlet the compressor-fan combina- cies close to these eigenvalues. 	 For the general geom-
tion represents a noise source with a nonuniform spatial etries of interest in this study,, these eigenfrequencies
t excitation pattern. 	 Thus, the analytical method should are not known a priori. Therefore, the frequencies
be capable of taking into account sound sources of gen- about which large numerical errors can occur cannot be
eral spatial distribution. 	 Also, inlets may contain mul- easily avoided.	 A critical review of available analytical
tiple acoustic liners to reduce the radiated sound power, techniques for avoiding these errors is provided by Bur- ' 	 1
and admittance boundary conditions are commonly used ton In Ref. 1. In a search for an ,appropriate technique
to account for the absorption characteristics of the liner. for use in the present study of inlets, the authors pro-
	 I
Therefore, the analytical method must be capable of grammed each of these methods for a sphere and ob-
dealing with spatially varying surface admittancesh tained numerical results for the surface and radiated
Finally, the method should be capable of predicting the sound fields. This study showed that the method of Bur-
characteristics of the radiated sound field in an Infinite ton and Miller' was the most straightforward to Imple-
domain,	 Keeping these requirements in mind, the work ment, However, an interpretation of a strongly singular
presented in this paper describes the results of an in- integral, given i,n the analysis in Ref. 5 by ;Meyer et al,,
t " vestigation which has been concerned with the analytical was necessary for the equations to be amenable to nu-
determination of radiated sound -olds from axisymmet- merical solution.	 Basically the method proposed by
ric surfaces of arbitrary cross section and with general Burton and Miller Involves a reformulation of the inte-
boundary conditions, gral equation for the acoustic potential, and the solu-
j The method used in this investigation is based on an tions obtained are valid at all frequencies. 	 It also yields
integral form of the solutions of the Helmholtz equa- the most consistently accurate results for a given number
r t-etion.	 With this formulation Ehe acoustic potential of points at which the acoustic potential is numerically
l anywhere external to the surface can be found once the
evaluated on the surface. 	 Therefore, the method based
distribution on the surface is known. Thus, to deter- on the analysis in Ref. 5 has been chosen for this inves- 	
i
I mine the radiated sound field the problem reduces to tigation.
the determination of the distribution of the acoustic po- The resulting integral equation for the surface acous--
.: tential on the two-dimensional surface of the georietry tic potential is -solved numerically and, for axisymmet-
under consideration instead of solving the Helmholtz ric geometries, the equation reduces to the evaldation
` -	 63T
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of line integrals. Thus, the axisymmetric case can be
reduced to ail equivalent one-dimensional problem. Hav-
Ing discretized the Integral equation, the resulting sys-
tern of algebraic equations is solved using complex
Gauss-Jordan elimination, Since the coefficient matrix
Involves the free-space Green's function, which becomes
singular as two points on the surface apprw%►ch one an-
other, to niorital technique-s .%ro presented whieli ello
deal with these singularities and yield accurate results.
Gaussian integration is used to increase the accuracy of
the solution without significant pen-titles in computer
storage and time requirements. The applicability of
the integral formulation and the accuracy of the nutneri
cal techniques are demonstrated by computing the sur-
face and farfield distribution of the acoustic potential
on both a sphere and a finite cylinder, The numerical
results are compared with (mown exact solutions gen-
erated by the separation of variables technique. Sur-
faces with spatially varying forcing functions and ad-
mittances are considered, for different tangential modes,
to evaluate the capability of the integral approach to
handle boundary conditions of a general nature. With
the sphere, agreement between computed and exact re -
sults is to three significant figures. For the cylinder
agreement Is to two significant figures. The effect on
the accuracy of discontinuous boundary conditions in -
volving nonzero admittances over the surface and of the
corners encountered in the cylindrical configuration are
also presented. Finally, the numerical results for an
inlet configuration are compared with exact solutions and
agreement is to within 100.
THEORETICAL CONSIDERATIONS
in this section the general three-dimensional integral
representation of the solutions of the Helmholtz equa-
tion Is developed for application to radiation problems.
th	 Ibis particular formulation yields unique solutions at
all frequencies and does not have strong singularitles
which are difficult to handle numerically. The general
Integral equation is then specialized for axisymmetric
geometries. A more detailed development Is presented
in Ref. 5.
t A. General formulation
Beginning with the three-dimensional Helmholtz enua-
FIG. 1, Geometrical properties of the general acoustic radia-
tion problem.
tion of the Helmholtz equation and is taken to be the free- 	 t
space Green's function for a point source° defined as
G (P , Q) » exp[fkr(P , Q)j/r(P , Q)	 (4)
From Eq. (2), if the acoustic potential and the normal
acoustic velocity a rp(Q)/a ►r, are known at each point on
the surface of the body, then the acoustic potential may
be calculated anywhere in the exterior domain.
To solve for the surface potential, the point P is
moved to the surface of the body, and Eq. (2) then be
conies
s
f f (V(Q) "(P, Q) _G(P,Q) as Q))ds^r2atp(P)91,14
(5)
For the inhomogeneous Robin boundary condition eta--
ployed in this study, a relation between atp(Q)Ja ►t, and
rp(Q) exists and is given by
tion which governs the spatial dependence of the acous- erp(Q) - Y(Q)V(Q)=A(Q) ,	 (6)tic field for harmonic oscillations a ►r e 	 y
o20+0(p b 0 ,	 (1) so that Eq. (5) can be written in terms of the potential
where (+ is the acoustic potential and k Is the wavenum- only, that is, 	 j
ber; the standard integral representation of the exterior
potential is found to be" aGAP Q)	 (Q) G(P, Q) Y(Q) dS^f rp(Q)	 dS _ ^^aQ
J J ((p(Q) "("Q)
	
aw(,Q)^
- G (P ,-Q)	 dS =4trrp(P)	 (2)s	 8►rt	 8►r,	 ' T2arp(P)+ f f A (Q) G (P , Q)dS,	 (7)s
where the terns aloft, represents an outward normal iIf the acoustic velocity A(Q) and the admittance Y(Q) arederivative with respect to the body 5 as shown in Fig. 1,
specified' at each point on the surface of the body, thenthat is
the acoustic potential may be calculated at each point
awCQ )=V.
 V(Q) - n.	 (3} tts	 g8 ►r, As mentioned earlier this equation does not yield
tx
Also, G(P, Q) is a fundamental three-dimensional solu- unique solutions when the wavenumber k Is an internal
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i
elgenvalue associated with the problem under considers- 	 SGCp,$))
f ^`^ (Q) 	(P, Q)Lion.
	
Since these eigenvalues are not known n /iriorf	 any	 sn^dS•
for general bodies, the formulation cannot be relied upon
to give	 good (^ J'	
)
- a^Ono 	 L Ri
. nere are a
a	 +a	 cp(Q)	 dS
results
dealingof pa(ers'ini ithe i ite 	a	 with this pnoble^nt,	 Js J	 Drip a►re
and (tie relative merite and shortcomings of the methods
employed are discussed In detail In lief. 1.	 am(P)21r(rp(P)+a {0)
an	 iAn attractive approach from an analytical point of	 j
view Is provided by Burton and Hiller, #, who have suit- 	 where 8tp/Dn and rP are related by Eq. (8),	 Equation (9)4
gested the use of the following idelittty to derive an al-	 will yield unique solutions it the complex coupling con-
ternative integral equation for the acoustic potential at	 stant is properly chosen.	 It is shown that a must meet
the surface;	 the following restrictions to guarantee that Eq. (9) yields
DOW) f (
	
z	 unique solutionsT,
(P (Q) 8 C(1',Q)	 a^(,^$) 8^0(Q)^2rr 	 clSIany	 s J	 BrtR 8n,	 8►t^	 8n" lm (a) 00 ,	 k real or imaginar y
-(g) lm(a) a 0 , k complex	 (10)This equation can now be solved for (p(P) by using Eq.
a 1 (6) to relate the normal acoustic velocity and the poten-	 A problem arises In the numerical solution of Eq. (9)
Hal at the surface,
	
however this Integral equation has	 as the third term on the left hand side is strongly singe-
Its own set of associated eigenvalues at which unique	 lar in its present torn as the point Q approaches the
solutions cannot be obtained.
	
To circumvent the prob-
	 point P on the surface of the body. 	 The authors of this
lem associated with the solution of (lie Integra( equations 	 paper have shown that this difficulty can be overcome
derived from Eqs. (5) and (8), Burton and Miller sug- 	 by a proper Interpretation of this singular term,' Em-
gested the solution of the following linear combination	 ploying a vector transformation $ and taking the Cauchy
of these equations:	 Principle Value, Eq. (9) is shown to be equivalent to
l
(V(Q) eG P	 ^f f 	 ( ,Q,_-G(P,Q) eN(Q) d5•+a (((rP($)-iP(P)] 8EG(p,Q)rlS,
8nles 	 sit,	 s	 8no 81i@ 
Q)8tp(Q) 	 80(p)	 11	 (AP)- aiP(p^ 	 f (n,-n,)(tk)2G(P,Q)dS,, — a f 	 8G 8P.
	
a►tQ	 (is^^2^ +a` Ono(11)
i
All of the terms in Eq. (11) are row well defined; however, all integrands are oscillatory and singular so that
care must be taken In their numerical approximation,
B. Axisymmetric formulation
r
When dealing with a body of revolution as shown in Fig. 2 an axisymmetric formulation of the problem is advan-
tageous. 10
 This being the case an element of area dS• becomes pdsdO, where s is the distance along the perimeter
of the surface in the p -= z plane. Assuming an acoustic velocity distribution of the form
8i0	 v(s) cos (ni0) ,	 (12)
and describingthe s dependence of the potential function by
'e (S) srP/cos (rn0 ) ,	 (13)
and letting 0,=0 (so that cos9,, = 1) Eq. (11) becomes;
k / (	 8C(P, Q)/S ,1 41(sl)	 8ria	 cos(ni9a)^1S,-a4-(so)f j G(P,Q)(ik)z(n,,-n.)dS,
+iY f f ['t(s•)cos(r►i9.)- P(Soj 8ZG'P,Q) dS,_ 1
an 8n	 ! u(s•)G(P,@)cos(tn8,)dS,b
t	 8G(P Q)
-a,! f v(so)	 cos(r►iB.)dS.=2r(4•(s,,)+av(s,,)]' ,	 (14)en't ,
Now, three sets of functions are defined:
	 ' 8G(P Q)
1x(rOQ)=2a I 	cos(n101)d9,,	 (15)e»^Influence functions; 	 -t
•I x h(rh) = 2 G(P, Q) cos(m9Q) dO, Kernel functions:
t]i
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	833,.
h` r = 2	 fir cos(►t18,) rIE ►
^' a'^( Q)ti3(r►,) 2a 4 a!n
►
eni cos (m0,) d0,, of
Forcing functions;
k.
i
t.f
i
1.
P, (Yo,)	 ^0 G(f', )(fk)=(n► ' ►t.) ►10, r
(1.7)
Pt(r► ,) * 20 fo 8
a, "(Pat, 
o 
(104t 04#600	 n► 8►t
where ►*,, Is the distance between points P and Q and no
and ►t are the outward normals to the surface at points
P and Q, respectively. In evaluating K= and Ft, the
point at which 00 v. 0, Is excluded front 	 integration,
Substituting Eqs, (15)- (17) Into Eq. (14) gives
^()^Kt(Yi)+KZ(rN)^s-+F(s►) j cFtr►.)Ft(rN)^^s,
► t^(s.)^It( ►► .1 +to(►►.)^s.' 2a(d^ (s^}k au(sr)J{18)0
where I is the length of the generating line of the surface
of revolution, The s- 0 coordinate directions have now
been essentially uncoupled so that the problem has been
reduced to the evaluation of the line integrals in the co-
ordinate directions on the surface of the body. 'ThL
formulation does not restrict the form or type of
boundary conditions on the body; it merely assumes that
the boundary conditions can be represented by a sum
(expanded in a set) of tangential modes,
, RESULTS
The acoustic fields for a sphere, cylinder, and inlet
configuration have been computed by numerical solution
of Eq, (18) using the techniques described in Ref. 11.
Basically, this method consists of first specifying the
p - z coordinates and the normal vector at each point on
the surface. From these quantities the distances and
the normal derivatives can be obtained. The integral in
Eq. (18) is then separated into n integrals taken over
subintervals of length 11n. The acoustic: potential is as-
sumed constant over each subinterval and the integra-
tions are performed numerically using Gauss-L,egendre
quadrature in the p -z plane, Over the subinterval con-
taining the point P, the integrand in Eq. (18) becomes
infinite since Y► , approaches zero. Thus, only an even
number of points is used in the quadrature algorithim,
t/1	 O0 0
EKAcr
a	 4	 6	
k to
FIG. 3. West of the coupling constant on the eomputod sur-
face tr tentinl for a sphoru of unit radius With 20 subhttervals.
since an odd number would necessitate inclusion of the
point where ►r, = D. A Gauss-L.egendre quadrature for-
mula, is used in the circumferential direction to evaluate
Eqs, (15)- ( 17). All calculations were performed on the
Georgia Tech CDC Cyber 70/74 with 16 significant fig-
ures.
In all geometries investigated, exact solutions were
obtained for ►n =0 by assuming a monopole source located
at point (p, z)=(0,0) Inside the surface. The normal ve.-
locities and/or admittance values are then computed at
each point on the surface using Eq. (6) and taken as the
boundary conditions in Eq. (18), The surface potential
	
+(so) is then computed front 	 (18) and the farfield
potential is obtained by numerically solving Eq. (2) with
Eq. (6). The computed surface and farfield potentials
are then compared with the known potential distribution.
of the monopole source
	
^P(p) ^ 
_ 
clMafa ^	 (19)
where a is the distance from the source to the observa-
tion point. For Poi = 1 a dipole source was used to gen-
erate exact solutions, and for m = 2 a quadrupole source
was used.
To Investigate the effect of the coupling constant a in
Eqs, (15)- (17), the surface potential distributions for a
sphere of unit radius with a uniformly vibrating surface
(I, e . , r►t = 0) were computed for a = 0, i, and i'/k. Twenty
subintervals were taken in the p - z plane, a four-point
Gauss -Legendre quadrature formula was used over each
subinterval and a 20-point Gauss -Legendre formula was
used in the 0 direction, The magnitude of the potential
should be unity at all ,points on the surface. Tito results
presented in Fig. 3 show the computed magnitudes of the
6	 surface acoustic potential to be in error by 12% for
a=0 at nondiniensionalwavenumbers ka close to rr,, 27r,
and 3n. These results are those that would be obtained
p Ads l''	 from Eq. (7). The relatively large errors are expected
p de,	 front 	 analysis of Burton and Miller4 and from previ-
ous Investigations using Eq. (7)." s Burton proves that
setting the imaginary part of a nonzero guarantees
unique solutions to Eq. (18), For a = i the maximum
Z	 error is reduced to less than 4% except when k is close
to 8.0. However., when a= i, and for sufficiently high
i.j  '	 FIG. s. Cylindrical surface geometry, 	 values of ka, Eq. (9) is dominated by terms arising from
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vTABLE f.	 Effect of the coupling parameter a on the computed
values of the surface potential for u sphere, On the surface
A (Q)-(1-ik)c 11 . Y(Q)-0, v8QN)j*. e l" wconstant, m=0. All
values of ka correspond to internal elgenfrotluencies, 'twenty
subintervals were taken In thep-a plane.
EU `
	 0	 ilk	 i gxnct
ff	 N,	 2. 0 	 11000	 0.005 1
01	 —0.3	 0.001
	
—0.012 0
4,493409	 ^P,	 0,190	 0.21.7	 0,305 0,217
(P1	 0.970	 0.076,	 0.955 0.970
23	 tn,
	 —2 - 0	 —11000	 — 0.000 -1
W1	 12.0	 0.000
	 0.031 0
7.725252
	 for
	 —0,081081	 - 0.129	 —00400 —0.129(p i	—0,994 	 — 0.992	
— 0, 872 — 4.092
3>r	 9,
	 2,0	 11000	 01995 1
Vt	 —1,9.0	 0.000	 —0 1 050 0
Eq. (8). As a result, the solution equations become Ill
conditioned when ka is sufficiently high and close to one
of the elgenfrequencies associated with the integral equa-
tion based on Eq. (8), In Table 1 computed values close
to these elgenfrequencies and the elgenfrequencies of Eq.
(7) are compared with exact results for a-0, f, and ilk,
In all case, the value of !Jk gives the most accurate re-
suits. In Table 11, the effect of introducing an admit-
tance condition is presented for a = i/k, The admittance
Y(Q) and forcing function A(Q) in Eq, (6) are chosen so
that the relations
air
ap`
 Y(Q) 0A(Q) ,'
	
=	 ,	 (20)
a
are satisfied on the surface and the exact solutions can
be readily computed, The loss in accuracy when an ad-
mittance condition is used is minimal and restricted to
the third significant figure. However, for discontinuous
boundary conditions, where the forcing function is spe-
2,0 r , i o
	
Al10N'Nk I	 Nt
0,0-
(
	
1	 as
l
1;0^'
	
0,4	 p	 S•2,5
M	 10 1 	 AII9(0)/k
	
0:5 1
	,	 0	 •
	
0,2	 2	 n	 g.p	 ...,.
5	 A
	
Off'	
10 r.p ^	 •	 ¢n•0	 '"""."" J
	
0	 0.5	 t.0	 1.5	 ZO 5 25
Fltl. 6. Effect of discontinuous boundary conditions on the
accuracy of the computed surface potential for s cylinder.
cified over onepart of the surface (i,e., the admittance
Is zero there) and the admittance is specified over the
remaining surface, errors of over ten percent In the
real and Imaginary parts of the computed surface poten-
tial result. For comparison, the case of a constant
forcing function and admittance over the sphere for a-Q
is also presented and in all cases yields results of less
accuracy than those obtained with a = Ilk,
In this study ,consistently good results ware obtained
with a m ilk, In Fig. 3 the computed and exact values
for a = ilk agree to three significant figures over the
range- of nondimensiowit
 wavenumbers from one to ten,
In facts for this value of P, the accuracy is significantly
better at all wavenumbers investigated. While Burton
and Miller s
 provide no recommendations for choosing
one value of a over any other value with an imaginary
component, the choice a= Ilk used in the present study
can be explained as follows. The terms in Eqs, (15)
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FIG, 4. Dependence of the computed surface potential fora
	 0	 S S
kh finite cylinder with a zero admittance and nonzero normal velo- 	 FIG. 0, Computed surface potential for a cylinder at the first
city everywhere on the surface for 20 subintervals, 	 and second tangent tal modes for ka =2,
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0,10	 p(po), za _ magnitude of the potential of about 10% occur on the ends
PHASE ^	 01 of the cylinder and at the corners, 	 The results at the
^•^.^ ,e,^ i.^ ,6.^.^^ .^.^,^.^ ,^.r
o.sL 	000-
ends can be improved without Increasing the number of
by area weighting rather than taking equidistantpointster
r` 	 01	 0	 - points along the perimeter, The errors i n the phase are
PH410 less than 4% in all cases. The errors In the magnitude
t	 oc	 006 ' of the computed surface potential increase with increas-
ing nondimensional wavenumber, but, even when ka *
 10,
i the numerical results are within 10% of the exact solu-
o 4	 0.04 tions.	 For aP0 or f the errors are signsneantly larger
above ka a 2,
0.2	 o.oz	 Ira In most inlet problems the boundary conditions are
} discontinuous with the :acoustic, velocity or potential
(which Is directly proportional to the acoustic pressure)
0t0 °	 z0	 40 -	 ba	 so specified over part of the surface and the admittance
" (representing liners) over the rest. 	 To determine the
i	 (	 FIG. 7.	 Computed fiartiold potential distribution for a cylin- a,.'(ect of the discontinuities and the use of an admittanceder atk =2, m=0, and 20 radii from the center. function on the numerical results for otw0, a cylinder
was investigated.	 The velocity was specified on the
j (17) which Involve a are of order 0, whereas the re- ends and the admittance was specified In the center sothat the salc•Elon for 4, was glean by Eq. (19) and Eq,
maining terms are of order 74, Therefore, at higher
wavenumbers the terms of order h t dominate. By shoos- (6) is satisfied.	 Again, 20 points are used In the p-z
ing a to vary inversely with the wavenumber, all terms
`
and 0 directions.	 The `results are shown In Fig. 5.
	
At-
though the errors In the numerical results for this case 
remain of tin lqs, (15 ) - (17) ;ine same order with respect
to wavenumber. tz are higher than those observed in Fig. 4, the errors
still remain within 10% for values of ka less than 5.
A problem of more practical importance 1= the finite However, when stn v In errors of up to 40% in the magni-
t	 axisymmetric duct since this surface approximates an tude of the potential are encountered close to the dim- 	 4
i	 engine configuration.	 The surface potential distribu- continuity In the boundary condition. 	 This error can betiotts are presented In Fig, 4 at different nondimensional reduced by increasing the number of subintervals in the
wavenumbers for rii a 0	 The normal :acoustic velocity p - z plane,	 Doubling the number of subintervals halves
distribution A(Q) is chosen so that the solution for the the error. When both the normal Pcoustic velocity and
acoustic potential. satisfies Eq, (10). 	 The parameter a the admittance are continuous on the 'surface, the errors
Is taken to be t1k„	 Twenty subintervals are taken in the are of the same order of magnitude as those of Fig, 4.
p - ,r plane and a 20-point Gauss-I.egendre quadrature For tangential modes, the variation in the circumferen-
'	 is used In the d direction,	 In Fig. 4 the variations of tial direction behaves as cosm9 where mw 1 P 2 1 , .	 .	 To
the magnitude -and phase with distance along the perme- check the numerical integration scheme In the circum-
ter s are presented.	 The largest errors in the computed ferential direction, the surface acoustic potential, was
1.0
101 1
0.8
o-
$w 0.6 0 FIG. 8, Dependence of the accuracy of
1^1 the computed farfield solution of a cyl-inder upon the distance from the surface
0.4 0	 COMPUTED 0 for k =2 and m -0.
EXACT
0,2
nS n 0,25
10r• 10-=	 IO'1 1	 10	
1
R(PQ)
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Case I Case I case Ii Case M exact
ka a =ilk 0= 0 a -ilk a =ilk values
1 err —0,539 - 0.537 —01,538 — 0.52 —0.540
9j -0.845 — 0.849 -0,843 —0.87 -0,842
12 9, -	 0.418 0.422 0,417 0.43 0,416
(Pi —0.911 —0.937 —0.009 —9.92 —01909
3 1P, 0.993 0,916 0.990- 1,00 0.990
e+ t —0.142 —0 4 496 — 0.140 —0 1 16 —,0.141
5- Or —0,285 —0`. 288 —0,284 —0,25 —0,284 
0 961 1 145 0 959 1 00 0 959
EXTEMOR CONLOUR
SPHERE
INTERIOR CONTOUR	 E7TR)AN NCE
N	 F10. 9, btlat geometry.
SN
^A
r
computed for t►t ;; i and »t e 2 for the cylinder shown in
Fig. 4. The results are presented in Fig. 6 for ka„2
with the normal acoustic velocity specified everywhere
on the surface. The computed and exact results (i.e.,
from a dipole and quadrapole) are in zZreenient to within
2% for both nt * 1 and in rF 2,
It has been shown' that once the surface potential has
been accurately computed, the farfield can be deter-
mined to at least the sonic accuracy as the surface po-
tential.. This result is confirmed by the data presented
In Fig 7for the cylinder of Fig, 4 with the velocity
specified everywhere- on the surface with ka-2 and iittn,
The results at 20 radii from the surface are in agree_
ment with exact results obtained from Eq. (19) to within
1% even though the surface errors at some points are
above 2%. Data In Fig, 8 show tliat accurate results are
obtained at distances greater than one Integration step
size front the surface. At closer distances errors from
the numerical evaluation of the singularity In the Green's
function defined by Eq. (4) leads to large errors.
The studies of the acoustic fields of the sphere and
cylinder served to check out and refine the numerical
procedures and programming techniques. The next con-
figuration Investigated was an Inlet used In a study by
NASA.” This inlet is shown In Fig. 9 and was chosen
(2) complete details on generating the inlet boundary
are given in Ref. 13, For this inlet, all case # were In-
vestigated with a-f/k,
As seen in Fig. 10, the normal velocity distribution;
which represents a forcing function, is highly discon
finuous and provides a severe test of the numerical tech-
niques employed. The numerical and exact solutions
for the surface acoustic potential are compared in Fig.
10 for 32 and 54 subintervals taken along the perimeter
of the inlet in the p - z plane. Because of the errors in
approximating the lengths of each subinterval, the exact
solutions differ slightly as the distance along the perimq-
ter s increases, The centerbody in Fig. 9 extends from
0sss0 8, the fan Inlet covers 0 . 8ss::^ 1. 4, the interior
contour extends from 1.4:5.5:5  3. 5, the exterior from
3.5.S s; 5. 5, and the circular are lies within the inter-
val 5.5S s^%T,45, Increasing the number of ,points de-
creases the error proportionately as indicated by the
data In Fig, 10 at a nondimensional wavenumber ka of
unity, where a is the radius of the Inlet at the fan entrance
section. The absolute average error in the results de-
creases from 10,2% for 32 subintervals to 4.169E for 53
subintervals. The computation time increased from 53 	 I
to 143 s, respectively.
because:
	 TABLE II, Effect of specifying nn admittance on the computed
surface potential for a sphere. In all cases ??I a 0, twenty sub-(1) :unlike most inlets used in research studies, It 	 Intervals are taken in the p-s plane, and 9 sai tt - Gtw every--does not have a bell-mouth shire but is shaped like a	 where an the surface. For Case I, A(Q) ,cts and Y(Q) - very-typical Inlet used in existing aircraft, and
	 where on the surface, For case III, A (Q)-e 11(1-ik) and Y(Q)
^0 over 1/5 of the surface and A M- 0, Y-,( I-1k) over the
remainder; Case 11 it considered in Table 1,
FIG. 10. Effect of Increasing the number of subintervals in
	 10 9,	 0,841	 —0.3	 0.839	 0.90	 0.839
computing the surface potential for the inlet configuration at
	 Of 	 0.540.	 0.9	 0.544	 0.49	 0.544
u	 ka-1, m=0.
Sr
s
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o knsi
2	 k	 ci&Aas
* *ka *10
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i	 a	 i
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n #, 11, Effect of increasing frequency for the Inlet configura-
lion at m x 0, n +, 53 on the computed surface potential.
lit
i	 o Computed,msi
2	 9cmVute4 rrua
f:xast,m•i
....#**exact, M12
V	 a	 At	 v Va	 a
FIG. 12, Effect of mode number m on the computed surface
potential of the inlet configuration for ka n2 and n a 63.
As shown In Fig. 11, the errors increaso with In-
creasing frequency, Like the cylinder, the maximum
error In the acoustic potential for the inlet configuration
occurs at the points of discontinuity, The average error
Increases from 4.16% at ka T I to 15% at ka =10.
For the data In Fogs, 10 and 11, the acoustic potential
is assumed constant in the tangential plane. The results
for a cos(rn6) distribution are presented in Fig. 12 at
ka r 2, These results show the Insensitivity of the accu-
racy of the computed results to the tangential. distribu--
tion for m a 1, 2, The exact solutions were again gener-
ated by assuming dipole and quadrapole sources located
at (p, z) `* (0, p).
Based on the above results our numerical and program-
ming techniques are capable of yielding reliable results for
arbitrary geometries and boundary conditions. At higher
frequencies, (kw > 5) it appears that more points must be
taken to Increase the accuracy of the computed results,
Note added in prooff We wish to thank Dr. P. J. T
Fililgsl for drawing our attention to the following raper,,
P. J. T. Filippl, "Layer Potentials and ,Acoustic Dlf»
fraction," J. Sound Vib. 44, 473-500 (1977),
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rW. L, Meyer, W. A. Bell, M. P. Stallybrass, and B, T.
An integral solution of the Helmholtz equation Is de.. `Linn, "Boundary Integr al. Solutions of Three Dimenstomd 	1
veloped for use in acoustic radiation problems.	 Unlike Acoustic Radiation Problems, " J. SoundVib. 60 245-262 (1976),
the classical formulation which can lead to integral equa- OP. M. Morse and K. U. ingard, Theoreftcol Acoustics -
lions 'that do not have unique solutions at frequencies (McGraw-11111, Now York, 1969), Chap, 7.
corresponding to certain Internal eigenfrequencles of the Tit has been pointed out to us by a reviewer that an equation of the same general form as Eq. (9) has been given by Chertock.a
region enclosed by the surface under consideration, the Rowever, for an arbitrary, smooth surface, Chortoek did not
this	 frequencies.formulation used In	 study is valid at all interpret this integral equation correctly, 	 specifically, the
Also, unlike most current methods and formulations it ittnit indicated to the final term of 017), Ref. (8) does not
is straightforward to implement regardless of how com- exist, se may be verified for the simple case of a sphere,
plicated the surface or the boundary conditions may be lChertock, "kitegral Equation Methods In Sound Radiation and
The surface potentials computed numerically for a sphere Scattering from Arbitrary Surfaces," David W. Taylor, Naval
and cylinder using 20 subinterval s along the perimeter Ship Research and Development Center Report 3638, Jung, 1971
and for an inlet configuration with 53 subintervals are rat, P. Stattybraes, "On a Pt+intwlse Variational Principle for	
.,
accurate to within 101; for nondimenstonal Wavenumbert tine Approximate Solution of Linear Boundary Value Problems,
} ka of from one to ten, where k Is the wavenumber and a J. Math. ' Mech. 16. 1247-1286 (1967).it. Chertock, "Sound Radiation from Vibrating Surfaces," J,is the characteristic length.	 For discontinuous boundary Acoust, Sea, Am, 66, 1305-1313 (1964).
conditions, the numerical and exact values are in agree- "W, A. Bell, W. L. Meyer, and B. T, Zinn, " Predicting the
ment to within 10`,6 for ka < 5,
	
At h igher frequencies the Acoustics of Arbitrarily Shaped Bodies Using an Integral Ap- 	 l
results are as much as 40% In error at points of discon- proach, " AIAA ,'1. 15, 613 -820 (1977),	 i
{ tinuity, which suggests taking more points in evaluating lilt is interesting to note that in his reportChertockr suggec+ts
the integral equation to increase the accuracy when dis. the use of Ilk on the grounds that it has the correct physical
continuous boundary conditions are specified. Increas- dtmansons (i.e., length) that will maintain the dimensional
Ing the number of subintervals decreases the error pro- homogeneity of Eq, (18),i^	 ,ero	 „B. A. Miller, B
	 J. Dastoli, and H. L. N46e0sky. 	 Efftct of
^`
portionately.	 At distances greater than the numerical Entry-Lip Design on Aerodynamics and Acoustics of Iilgh-
Integration stepsize, the farfleld results are at Toast as Throat-l►tach-Number Inlets for the QuiW, Clean, short-Haul
tom, accurate as the corresponding; surface potential solutions, Experimental Engine," NASA TM X-3222, 1975,
^-
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